Heat conduction in silicon nanowires that exhibit a diameter constriction are studied from a Monte Carlo technique used to solve the phonon Boltzmann Transport Equation. Through the tailoring of the constriction shape, it is shown that thermal conductivity of the nanostructures can be lowered and adjusted. The phonon mean free path related to boundary scattering then becomes a key parameter. The calculation of the thermal conductance through the constriction is also performed and in the case of "steep" constriction, the ballistic and diffusive transport regimes through an aperture are recovered depending on the size of the constriction. Temperature dependence of the thermal conductivity in such constricted structures is addressed and dominant scattering processes are evaluated. Eventually, the case of a "long constriction" is simulated and a lowering of thermal conductivity, as compared to simple nanowires, is observed and discussed.
inclusions can help increase the TC [5] . Oppositely, in semiconductors, alloying, doping with substitution elements or nano-structuring are the best ways to reduce it [6, 7] . In the latter case, several studies have pointed out that TC reduction can be addressed by increasing the phonon scattering. In this framework two regimes exist, the phonon wave confinement regime and the structure confinement. In the first case, the phonon wavelength is close to the characteristic length of the structure. For instance, in superlattices and phononic crystals, these wave effects lead to a modification of the dispersion properties (band folding) that reduces the material TC [8, 9, 10] . In the second case, the structure characteristic size is shortened but remains large when compared to the phonon wavelength. In that case, phonon boundary scattering is an important issue that rules heat transport. In the well known case of Si nanowires, TC can be decreased by at least an order of magnitude [11, 12] .
Recently, nanowires were engineered in order to enhance phonon confinement through the modulation of their diameter [13, 14] . Models and simulations [15, 16] were also developed to appraise the magnitude of the TC lowering assuming simple square cross-section modulated nanowires by means of kinetic theory or molecular dynamics. In these studies, cavities and constrictions are supposed to be the origin of the TC drastic decreases as the phonon group velocity is strongly lowered with the trapping of phonon modes. In this "abrupt" configuration (nanowire with rectangular modulation) heat flux, which is related to transported energy quanta along the nanowire axis, is strongly perturbed.
Furthermore, heat transport in constrictions is also a major issue which has been considered to described the thermal resistance between a nano-sized object and a surface in the case of non perfect contact [17, 18, 19] . This is typically the case in scanning thermal microscopy (SThM) where the edge of the tip is often modeled as a constriction between two dissimilar materials. Constrictions have also been investigated theoretically to understand the diffusive/ballistic transport mechanism occurring through small apertures [20, 21, 22] . In the latter studies, phonon diffraction in the case of very small apertures was modeled. Constrictions are also present in nanojunctions and are often parts of micro electromechanical systems (MEMS). Recently, it has been experimentally shown that controlling their shape and size is important to adjust heat transport properties for several applications [23] .
Nanowires with realistic constrictions are difficult to simulate properly because of several numerical limitations. In molecular dynamics based studies, dealing with complex geometries and micrometer length scales cannot be simply done due to the currently available computational resources. On the other hand, modeling of phonon transport through the resolution of the Boltzmann transport equation (BTE) by finite volumes techniques is often limited to simple Cartesian or cylindrical geometries. In such an approach, the description of a realistic shape for a constriction might be challenging. Eventually, techniques based on the use of a transmission function to calculate heat flux through the constriction and the corresponding conductance, which are often faster, do not give information about temperature distribution in the nanostructures. Those issues or limitations are no longer existing when phonon motion and scattering is treated with the Monte Carlo (MC) simulation of the BTE. The present work is dedicated to the study of heat transfer through nanowires with different constriction shapes and lengths. Through MC numerical simulations, heat and temperature profiles in the nanostructures are recovered for different constriction profiles. Then, equivalent Fourier's conductance and TC are determined.
The paper is organized as follows. Following the introduction, theoretical models used to appraise the thermal conductance are recalled. Then, the constriction modeling is presented as well as the MC simulation tools used for numerical simulation of phonon transport. In section 3, conductance and TC for different constriction shapes are discussed and compared to existing theory. The particular case of a long constriction, similar to a nanowire between two heat reservoirs is addressed in subsection 3.4. Finally, conclusions and perspectives to this work are given.
Models and simulation tools
This section deals with models and simulations used to study constrictions in nanostructures. First, theoretical models giving expressions of the thermal conductance through apertures are recalled. Then, the model used in the framework of MC phonon transport is detailed.
Constriction models
Conductance or thermal resistance due to a "point contact" constriction can be theoretically assessed in two limiting cases, the diffusive limit and the ballistic limit. Those limits are characterized by the phonon scattering mean free path (mfp) Λ, compared to the characteristic size of the constriction. Usually for bulk materials, this mfp is appraised considering all the possible scattering mechanisms, namely the three phonon processes, Normal (N) and Umklapp (U), as well as the impurity or defect scattering. For bulk silicon, which is the material studied in the present work, at 300 K, Λ Si b is in the range of [170-250] nm according to the chosen phonon dispersion properties and the calculation method [24, 25, 26 ]. Yet, for nanowires the phonon mfp is mainly ruled by phonon confinement and boundary scattering. Thus, it is commonly accepted that Λ nw = d, where d is the nanowire diameter.
Diffusive limit
In "the diffusive limit", the phonon mfp is smaller than the aperture of the constriction (minimum diameter) Λ < d min . In this case, the Maxwell's formula [22] holds and the thermal conductance G dif (or the thermal resistance R dif ) for a circular aperture reads
where k is the thermal conductivity of the media on both sides of the constriction. Considering the Knudsen number Kn, defined as Kn = Λ/d min , the diffusive limit corresponds to small values of Kn. When the shape of the constriction changes, the diffuse conductance also changes [20] .
Ballistic limit
In "the ballistic limit", the phonon mfp is much larger than the constriction aperture Λ > d min . In this case, the phonon transport across the constriction can be understood as the flow rate of gas molecules in the free molecular flow regime [20] . Two limit cases can be distinguished depending on the phonon dominant wavelength λ dom (T ) ≃ hv s /4.25k B T at a given temperature, where h is the Planck constant, v s refers to the speed of sound (here 6500 m/s for Si), and k B is the Boltzmann constant [13] . First, if the size of the aperture d min is larger than λ dom the conductance can be derived from the net heat flux through the constriction.
Assuming constant group velocity and small temperature gradient on both sides of the constriction it reads
where A = πd 2 min /4 is the cross section of the aperture. G bal depends on the inverse of the phonon mfp. This expression was first derived from electron transport within constriction and named Sharvin conductance.
In the second case (which will be not considered here), d min is similar or smaller than λ dom and diffraction shall be accounted for. In the present study, simulations are mostly carried out at 300K, λ dom (T ) ≃ 0.25 nm and the smallest aperture diameter considered here is more than ten times larger: therefore, diffraction can be reasonably considered as negligible.
Monte Carlo simulation tool
Monte Carlo (MC) calculations of the phonon transport were performed using a dedicated home-built simulation tool. The basic specifications of the numerical method were extensively described in several papers [27, 28] for bulk material and successfully derived for nanowires and nanoporous thin films [29, 26, 30] . The method lies on the resolution of the Boltzmann transport equation (BTE) in the frame of the relaxation time approximation (RTA). Bulk silicon dispersion properties have been used for the sampling of phonon frequency and group velocity, as well as for the calculation of the scattering relaxation times following the model proposed by Holland [31] . Relaxation time approximation is supposed to be valid as spatial discretization is chosen in order to ensure that sampled phonon do not cross several cells over a time step and thus have a non negligible probability to scatter. Besides, in the present work, most of the studied nanowire and constriction diameters are sufficiently large to ensure that bulk properties can be used for phonon transport. For the thinner nanowire (d=28 nm), the dispersion properties within the constriction are probably different. For instance, when looking at molecular dynamic studies dealing with this issue [32] , for nanowires with diameters lower than 4 nm, supplementary modes at low frequencies with high wave-numbers appear. This means that phonon with lower energy and group velocity are dominant and thus heat transport should be lowered. Then in some peculiar cases of this study, the thermal conductivity and conductance might be a little bit overestimated.
The BTE for phonons is related to the variations of the distribution function f (T, r, p, K) which depends on time t, location r, polarization p and wave vector K. In the absence of external force, the BTE expression according to the RTA assumption is a classical transport equation in which time variation of f plus the advection term equal a collisional term [33] ∂f ∂t
is the total phonon scattering relaxation time, which depends on the phonon dispersion properties, on the temperature and possibly on a characteristic length L. In the framework of MC modeling, Eq. (3) is solved in two steps. First, the advective part of the BTE is addressed (left hand side term) assuming that there is no scattering. A statistically representative population of phonons is drawn (frequency, polarization and group velocity) from a cumulative distribution function based on the phonon energy at a given temperature [28, 26] . Then each energy bundle is allowed to drift with respect to: i) its group velocity within the nanostructure, ii) the chosen time step ∆t, iii) the internal reflections at boundaries. Secondly, the phonon scattering step is achieved considering the right hand side term of Eq. (3). The characteristic relaxation time is given according to the "Matthiessen" summation rule. It takes into account: normal (N), umklapp (U) and impurity (I) scattering rates according to M.G. Holland [31, 26] formalism. Knowing the energy distribution in the nanostructure one can compute in a control volume the energy and subsequently the temperature. Furthermore, phonon heat flux along the nanowire axis is given by
where V is the control volume, N b the number of phonon energy bundles in V and v gzi the group velocity in the z direction (nanowire axis) of the phonon with frequency ω i . Then, considering the Fourier's formalism an equivalent thermal conductivity can be appraised k = −ϕ z ∆z ∆T . As all these points were already detailed in previous studies, technical issues concerning the sampling and the scattering procedure will not be recalled presently.
The major modification implemented in the MC simulation tool is about the handling of the geometry of constrictions. In the present work continuous function R(z) are used to set the radius of the constricted nanowire as a function of the z coordinate, in the Cartesian coordinates it satisfies
Using continuous functions makes easier the calculation of cross sections and control volumes, but also the boundary collision procedure. In the latter one, knowing the phonon location, its propagation direction and the shape of the domain one can easily extract from Newton-Raphson algorithm the intersection point where the phonon bundle crosses the external boundary of a constricted nanowire.
where t I is the phonon travel time between its initial position (x ini , y ini , z ini ) and the intersection point (x I , y I , z I ) with the external boundary. From this point, the normal direction n I at the surface is computed and the phonon is assumed to be diffusely reflected (sampling polar and azimuthal angles) in the hemisphere defined by n I .
Studied structures
Two geometries are presented in the paper, the "short" and the "long" constrictions, Figure (1) . They are respectively defined by equations (7) and (8). 
A and B are constants that can be calculated using geometric conditions;
for Eq. (7), R(0) = d max /2 and R( z1+z2 2 ) = d min /2 for Eq. (8) . L is the characteristic length of the "long constriction" (distance between z 1 and z 2 ). The parameters C and C ⋆ related to the "steepness" of the constriction, for a large value of C or C ⋆ the constriction is steep, while for a small value of C or C ⋆ it is smooth. In the case of a short constriction the radius as a function of z becomes
where R d = d min /d max stands for the diameter ratio. 
Results and discussions
In this section phonon transport in short constrictions is addressed. Thermal conductivity of constricted nanowires and conductance of the constriction are studied as a function of: diameter ratio R d , phonon mfp Λ, constriction steepness C and temperature T . We divided our results in three subsections.
Temperatures and heat fluxes
In this section, smooth and steep constrictions are studied and compared (Figure (2) ). In order to compare TC simulation results to existing data, the chosen nanowire diameter is set to d max =115 nm for which experimental results were reported by Li et al [11] . Here, 2 µm length nanowire are considered, and three cases are investigated: i) no constriction, ii) smooth constriction C = 10 14 m −2 , iii) steep constriction C = 10 16 m −2 with R d = 0.5. In Figure ( 3) are reported the heat flux density and the temperature profiles along the nanowire length. First, without any constriction, the TC is really close to the experimental measurement [11] , the heat flux is maximum and the temperature profile almost linear as the phonon transport in the structure is diffusive (except in first and last cells where ballistic exchanges with boundaries, at fixed temperatures, can occur). For the constricted nanowires, temperature profiles exhibit drops in the vicinity of the constriction. The latter one seems to be more continuous in the case of a smooth constriction while it is abrupt for the steep one. As a consequence, heat flux density increases at the constriction location.
The magnitude of the density heat flux peak shall be considered with caution as it depends on the spatial mesh choice. In the present calculations there are 40 control volumes with the same value of V to ensure reliable statistics in the MC procedure. It means that in the case of a steep constriction, no control volume is exactly inside the constriction, but rather on each side. On Figure (4) are plotted the heat flux density profiles for the smooth constriction with 40 and 180 cells. As discussed above, increasing the number of cells leads to an improved description of the peak maximum within the constriction. Nevertheless, the mean level remains the same, as well as the shape of the peak. Concerning the TC, there is a small increase between nanowires, it obviously decreases. This decrease is more important for the smooth one. This behavior can be explained from the phonon boundary scattering mfp calculation. When the constriction is smooth, phonon mfp for boundary scattering is getting smaller and thus the thermal conductivity. This point is addressed in the following.
Thermal conductivity

Steepness dependence
First, the dependence of the TC with respect to the phonon mfp in constricted nanowire is addressed through the steepness of the constriction. The latter parameter can be obtained numerically and analytically.
Using the MC simulation tool, a ray tracing (RT) experiment was carried out. For such a case, a very large amount of phonons is sampled in the whole structure and collisions with the nanowire surface envelope are counted during one small time step. The ratio of the number of collision N coll to the total number of drawn phonon N tot is equal to the collision probability. Thus, using the same technique as in Lacroix et al [29] , 
where ω stands for the frequency and p the polarization. Simulation results show that there is no frequency or polarization dependence, but the mfp naturally varies according to the shape of the nanowire. Another way to express a particle mfp subject to diffuse transport was proposed by Blanco and Fournier [34] . This analytical expression solely depends on the volume of the structure V tot and the surface S env of the contour envelope and it reads
Both expressions were used to calculate Λ for the previously studied nanowires using different values of the steepness parameter C. Results are reported in Table ( 1) . The calculated mfp by both methods are in quite good agreement. In the case of the analytic solution, for large values of C, the constriction is a very localized modification of the geometry (aperture of diameter d min in the cylinder of diameter d max ) and thus the mfp tends to d max . For smooth constrictions (i.e. small values of C), the mfp becomes smaller as the geometry looks like a "conical" constriction. On figure (5) , thermal conductivity results are reported as a function of Λ. Using this description obviously shows that TC is linearly varying with the mfp. Furthermore, for the largest value of C, where the constriction is similar to a single aperture in the nanowire, and for R d =0.5, the TC is reduced by 10% as compared to the cylindrical nanowire. 
Diameter ratio dependence
On the basis of the previously adopted methodology, the TC is calculated for several nanowire diameters and constriction ratios R d . In Figure ( Moreover, it can be observed that the steepness of the constriction affects the calculated TC whatever the nanowire diameter is. This is due to the reduction of the phonon mfp for smooth constrictions discussed previously. The second point is that the constriction ratio R d lowering also induces the lowering of TC.
This effect is more important for nanowires with large diameters for which phonon mfp is more affected by the constriction. Besides, it can be noted that there is a strong decrease of the TC when R d is small (here we have R d =0.1). In the latter case, the TC remains almost constant for all the studied diameters.
For such small values of R d , transport is ballistic through the aperture. Here, the phonons transmitted through the constriction are propagating along z axis. This point will be studied in more details in the next subsection dealing with the conductance. It shall be noted that simulations done for small d max and R d values, are in the limit of the BTE resolution with our technique since dispersion properties in the vicinity of the constriction are likely to be modified. Besides, several system lengths were simulated (here L z =2 µm) and no difference was found in the calculated TC. Here, the characteristic mfp is of the order of the nanowire diameter, that is much lower than its length, and thus thermal transport is diffusive.
Temperature dependence
Finally, the temperature dependence of TC in constricted nanowires is discussed. In Figure (7) is plotted the TC versus temperature for a nanowire with d max =115 nm, C = 10 16 m −2 and two constriction ratios [11] geometries (with and without constriction) follows the same trends as in bulk Si, with a noticeable decrease of the TC due to boundary scattering. In the case of the nanowire with no constriction, simulation data are in quite good agreement with the one of Li et al [11] . Once again, TC of constricted nanowire is always lower than the one of regular nanowire. Nevertheless, the decrease is more important for temperatures between 50 K and 400 K. Above this temperature the phonon scattering due to phonon-phonon interactions is no more negligible as compared to the one of boundary scattering and a competition between both mechanisms occurs. Such dependence to the temperature paves the way to possible thermal rectification by adjusting the shape of the constriction and the temperature of thermal baths on both sides of the nanowire. For temperatures below 30 K, MC calculations are not carried out since phonon wavelength becomes larger and closer to the constriction aperture leading to potential diffraction effects.
Constriction conductance
In order to address more precisely the impact of the constriction itself on the phonon transport, the thermal conductance G = Φ ∆T is calculated using a simple model of thermal resistance in series. We suppose that the total thermal resistance of the constricted nanowire is the sum of two resistances R tot = R nw + R C , one for the regular nanowire plus one corresponding to the constriction (they are respectively the analogs of frictional and singular head losses in fluid mechanics). In terms of conductance it reads
Using the Eq. (12) does not require to define the temperature gradient and the heat flux in the constrictions;
the exact location of the constriction boundaries being subject to different interpretation in the case of smooth and steep profiles, as it is shown in Figure ( 3).
In Figure ( models are related to a point contact constriction (single aperture between two structures). This is not the case for the nanowire with C = 10 14 m −2 where the shape of constriction is hyperboloid like. In the case of a steep constriction, MC calculations of the conductance vary between both limits as the simulated geometry is similar to the one of the point contact model. Secondly, for a small diameter ratio (R d =0.1), the conductance trend is obviously close to the one in the ballistic limit. It is in agreement with remarks made in the previous section about the TC (Figure (6) ). As the diameter of the nanowire gets larger, as well as the constriction ratio, the constriction conductance reaches the diffusive limit.
Long constrictions
We now discuss the case of a long constriction, defined as a nanowire with diameter d min connected by constriction to larger nanowires with diameter d max (see Figure (1) ). The length L of the constriction is one of the studied parameters. The other one is the diameter ratio R d .
In figure (9 sides of the constriction the length of d max nanowires is equal to 500 nm. The first observation concerns the length of the constriction. When L is larger than 500 nm, there is almost no change in the calculated mean TC of the nanostructure, whatever the diameter ratio R d is. The second important point is that TC of long constriction systems is always smaller than those corresponding to short constrictions with the same other geometrical characteristics (green diamonds in figure (9)). It can be recalled that in the present work, phonon transport is diffusive and consequently, difference in TC is due to the new internal thermal resistance. This is confirmed by the comparison of TC values of long constrictions with the pristine nanowire ones. For each [11] and attributed to nanowire roughness [12] . Therefore, the presence of heat reservoirs on both sides of the inner nanowire with the small diameter seems to affect the overall thermal conductivity and should be accounted for in thermal properties measurements at nanoscales. Such behaviour is also confirmed by calculations achieved on modulated nanowires [16, 30] , where TC of a structure that alternates large and small diameters is lower than the one of the corresponding small diameter.
Conclusions
Monte Carlo simulations of phonon transport in nanowires with a constriction were performed and discussed. Thermal conductivity as well as thermal conductance have been appraised and compared to available experimental data and literature models. A detailed study of the constriction geometry was carried out. Steepness of the constriction and the magnitude of diameter reduction were first addressed.
It has been shown that the TC behavior is ruled by the phonon mean free path related to boundary scattering. The latter one can be evaluated analytically. Concerning the magnitude of the constriction, two regimes exist. When the diameter of constriction is large, there is little resistance to phonon transport and the regime is "diffusive". Oppositely, when the diameter of constriction is small, thermal conductivity remains quite uniform and the transport is "ballistic". This behavior is also observed for the thermal conductance that varies between these two limit regimes when the constriction is steep. In the latter case, the constriction fit to the "point contact" model and the associated conductance can be simply appraised from the thermal conductivity of the nanowire. In such a case conductance is a linear function of the Knudsen number and of the thermal conductivity of the bounding material as suggested in former studies 14 like [18] . Otherwise, we show that in the case of smooth constriction, the conductance is no longer described by the Maxwell or Sharvin models.The temperature dependence was also investigated, as expected, the impact of the constriction on the TC is more or less pronounced as the the phonon mfp is dominated by boundary scattering or three phonons processes. TC being significantly reduced by constriction occurrence at low temperatures that at high. The last part of this work is about "long constrictions" that can be related to a nanowire between two heat reservoirs. For such structure, the TC is lower than in the case of a single nanowire. It puts forward the importance of thermal resistances induced by the constrictions. This behavior confirms previous studies on modulated nanowire and gives useful insights to understand thermal properties measurements experimentally achieved. This work will be continued considering modulations and asymmetric constrictions that could exhibit thermal rectification. Moreover, phonon transport within constrictions, and especially frequency and wavelength dependence will be deeper investigated.
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